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Abstract

Automatic generation of fast Hadamard transform (FHT)
algorithms through genetic programming is studied.
The design of FHT algorithms is viewed as a search
in the space of linear algorithms employing restricted
types of coefficients. A generic circuit that can real-
ize all algorithms belonging to this space is proposed.
The goal is to automatically find an algorithm that
can perform Hadamard transform properly using a
specified number of multiply/add operations. It is
shown that genetic programming is able to discover a
4-point FHT that requires only 7 multiply/add oper-
ations.

1 Introduction

Development of algorithms in the field of digital sig-
nal processing has been generally performed by hu-
man designers. The mathematical foundations of dig-
ital signal processing provide useful tools when a de-
signer searches for an algorithm to perform a fast or-
thogonal transform or filter out noise from a signal.
However, the mathematical tools are limited, applica-
tions and requirements are numerous, and the space
to be searched for possible algorithms is so vast. Fur-
thermore, emergence of novel computational environ-
ments and stricter efficiency requirements can make
the development process a very complex and time-
consuming task. Considering the preceding argument,
it is quite attractive to study the possibility of auto-
matic design of signal processing algorithms. Many
approaches to automatic design have been concen-
trated on lower level issues related to hardware or
software implementation of human-designed higher-
level algorithms. Our interest lies in investigating the
possibility of generating algorithms at higher levels in
an automatic manner.

In this paper we are concerned with the automatic
design of fast algorithms to perform 1-D Hadamard
transform (HT) [1] using a given number of multi-
ply/add operations. We view the design task as a
search in the space of algorithms that can potentially
solve our design problem. These are linear algorithms

that utilize a predefined set of coefficients and a spec-
ified number of multiply/add operations.

The following basic preparatory steps should be
taken in developing an automatic design environment
for fast linear algorithms including FHT. The first
step is the determination of the computational re-
sources available for implementation of the algorithm.
We then need an algorithm representation method ca-
pable of incorporating the available resources. An im-
portant consideration in adoption of a representation
method is the intended automatic computer search
method. Mathematical properties of the problem also
affect the selection of the representation method. For
example, matrix and vector representations are nat-
ural and efficient methods for digital signal process-
ing algorithms. We propose a matrix representation
for FHTs that incorporates fused multiply/add oper-
ations. This matrix representation corresponds to a
generic circuit for FHT algorithms.

Our search in the space of HT algorithms is mainly
guided by the level of success of prospective algo-
rithms in solving the design problem. This is needed
to minimize the requirement of human knowledge for
derivation of the algorithms. To this end, we adopt
evolutionary algorithms as the search method. Evolu-
tionary search methods have been successful in finding
solutions to problems in optimization, artificial intel-
ligence, machine learning, control, and many other
areas of engineering. Genetic algorithms are a well-
known example of evolutionary algorithms [11, 12].
For problems like ours, where a suitable representa-
tion is available and the computational complexity of
evaluating a candidate in the space of possible solu-
tions is affordable, an evolutionary algorithm is an
attractive choice. In this paper we conduct the evolu-
tionary search using genetic programming (GP) [13],
a technique for automatic synthesis of computer pro-
grams coded as LISP S-expressions. An important
feature of GP is the flexibility of its chromosome struc-
ture which is represented by one or more labeled trees.
The problem of designing FHT algorithms through
evolutionary methods is also considered in [14], where
genetic algorithms are investigated. Ref. [14] is con-
cerned with automatic derivation of in-place trans-
forms using addition and subtraction operations.
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The organization of this paper is as follows. Af-
ter providing a brief background on HTs in Section 2,
we state the design problem and give a representation
scheme for FHTs in Section 3. Coding of FHT algo-
rithms as tree structures for use in GP is discussed in
Section 4, followed by simulation results in Section 5.
Finally, Section 6 concludes the paper.

2 Theoretical Background

By the term Hadamard transform is meant any trans-
formation of an N ×1 vector xN by an N ×N matrix
HN with elements −1 and +1 satisfying

HNHT
N = NIN , (1)

where IN is the identity matrix of order N . The vec-
tor of transform coefficients yN is related to the signal
xN as

yN = HNxN . (2)

Construction of HN for arbitrary values of N that
are divisible by 4 is not a trivial task [2]. However,
Sylvester-type Hadamard matrices with N = 2n can
be easily constructed using the simple procedure

H2n = H2 ⊗ · · · ⊗ H2︸ ︷︷ ︸
n times

, (3)

where

H2 =
(

1 1
1 −1

)
. (4)

The existing algorithms for FHT compute yN us-
ing N log2 N additions [4, 5, 6]. They are in-place
algorithms differing in the final ordering of transform
coefficients and do not make use of multiplications.
Lack of multiplications may be considered as an at-
tractive feature of these algorithms. However, in some
computational environments it may be more beneficial
to further reduce the number of additions at the cost
of allowing simple multiplications [8] or making use of
the coherence in the structure of signal [7].

It is generally difficult to determine the minimum
number of additions necessary to compute a linear al-
gorithm for arbitrary data vectors [10]. Morgenstern
has shown that there is a lower bound for the number
of necessary additions, provided that an upper bound
c can be assigned to the modulus of the coefficients
involved in the algorithm [9]. The bound is inversely
proportional to c. This suggests that faster HT algo-
rithms may be obtained by allowing multiplier coeffi-
cients with magnitudes larger than unity. An example
of this can be found in [8] where the number of addi-
tions is reduced by allowing multiply/add operations.

3 Statement of Problem

The general form of the FHT design problem is stated
below.

Problem 1 (General Form) For a given HN , find
an algorithm to compute yN using the minimum pos-
sible number of additions.

Searching for a solution to the above problem is a hard
task even for small values of N . This is in part due
to the fact that the only available measure of opti-
mality of a prospective solution is to compare it with
the lower bound given in [9]. Therefore, even with a
very efficient search algorithm and small values of N ,
it is difficult, if not impossible, to verify whether an
automatically generated HT satisfies the minimality
requirement of Problem 1. In this paper, we concen-
trate on more practical forms of the problem.

Problem 2 (Practical Form) Find an algorithm that
yields an HT of xN using A multiply/add operations.
The multiplier coefficients should be selected form C,
where C denotes the set of admissible coefficients.

Note that we have not specified the actual form of
HN in Problem 2 and any type of HT is acceptable as
long as the number of operations is at most A. There
is no guarantee that an HT exists for an arbitrary
value of A. The actual value of A should be deter-
mined according to the computational requirements
and the values for existing FHT algorithms. As men-
tioned in Section 1, a representation method is needed
to incorporate the computational requirements. Also
note that storage requirements are not specified and
thus we can search in a wider space than the space of
conventional in-place algorithms.

We propose the use of a representation of FHTs
that incorporates the requirements of fused multiply/add
operations. This representation is used in [9] to char-
acterize the family of linear algorithms. As a simple
example for this representation consider the circuit of
Fig. 1. At each stage, a single multiply/add operation
of the form Xp+mXq (m ∈ C) is performed on a pair
of signals Xp and Xq that are selected form the avail-
able input signals. Therefore the number of stages
is equal to the total number of operations. Further-
more, this circuit can represent all linear algorithms
that utilize 3 multiply/add operations. For example,
if we set the number of stages to 8, and the number of
input signals to 4, the conventional 4-point, in-place
FHT algorithms can be realized.

The matrix transfer function of the generic circuit
of Fig. 1 is of the form

G2 =
(

0 0 0 1 0
0 0 0 0 1

)
S

(2)
3 S

(2)
2 S

(2)
1 , (5)

where

S
(N)
i =

(
IN+i−1

vN+i−1

)
. (6)
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Figure 1: Generic circuit for computing linear trans-
forms using 3 multiply/add operations.

The vectors vN+i−1 should contain at most two non-
zero elements one of them selected from the set C. All
other elements of vN+i−1 are equal to zero. In general,
an N -point FHT with A multiply/add operations can
be represented with a generic circuit having a transfer
function of the form

GN = ( ON×A IN )
A∏

i=1

S
(N)
A−i+1, (7)

whereON×A denotes a zero matrix. Using the generic
circuit, the mathematical form of the problem is given
as follows.

Problem 3 (Mathematical Form) Find the vectors
vN+i−1, i = 1, . . . , A, so that GN = HN . The non-
zero elements of vi+N−1 should be selected form C.

4 Genetic Programming and Tree
Coding of the FHTs

Using the generic representation (7), a search can be
performed in the space of algorithms. In a search
based on GP, the generic circuit should be coded as a
tree structure [13]. Let the S matrices for the generic

circuit of Fig. 1 be specified as S
(2)
1 =

(
I2

(1, 1)

)
,

S
(2)
2 =

(
I3

(1, 0,−2)

)
and S

(2)
3 =

(
I4

(0, 0, 1,−1)

)
.

We can code this circuit using tree structures consist-
ing of 3 sub-trees each corresponding to one of the
stages. An example is shown in Fig. 2. In this coding
method the coefficient vectors vN+i−1 are represented
using subtrees denoting the corresponding mathemat-
ical operations. The details of the proposed coding
method can be found in Table 1.

A tree-coded generic circuit with A stages can re-
alize kA

∏N+A−1
i=N

(
i
2

)
algorithms, where k is a number

depending on the type of function nodes used in the
tree. Some of these circuits result in identical matri-
ces GN and a very small portion of them are HTs.
The number of possible algorithms is very large even
for small values of A and N .

Connect

M2

X1 X2

X3 X4X1

S1

S3

-

+

S2

Figure 2: A tree coding for the circuit of Fig. 1. The
realized algorithm is {Z1 = X1+X2, Y1 = X1−2X3 =
−X1 − 2X2, Y2 = X3 − X4 = 2X1 + 3X2}.

The GP search is guided by a fitness function that
assumes the values 1 for a solution. The fitness func-
tion f is the average of N simple functions fi each
evaluating the ith row of matrix GN in terms of or-
thognality and the number of non-zero elements. The
functions fi vary in the interval (0, 1

N
]. Let R =

GNGT
N , and denote its ith row by ri. Also denote

the ith row of the identity matrix IN by ei. The
fitness function is defined as

f =
1
N

N∑
i=1

fi

fi = α1

1+β1(N−
∑N

j=1
sgn(GN [i,j]))

+ 1−α1
1+β2||ri−Nei||2

(8)

where sgn(.) denotes the signature function.

5 Simulation Results

The results of a GP run for N = 4, A = 7 and spec-
ifications of Table 1 is given in Figs. 3 and 4. The
circuit of Fig. 4 realizes the 4-point HT using 7 mul-
tiply/add operations. It is one of the 77

∏10
i=4

(
i
2

)
=

706026708072000 algorithms utilizing 7 multiply/add
operations that are realizable by the tree-coded generic
circuit and is closely related to the circuit proposed in
[8]. However, there is no systematic method to derive
such algorithms. The algorithm in [8] is the result of
a human search while the algorithm of Fig. 4 is the
result of an automatic computer search. We also per-
formed GP search to find faster algorithms for N = 8,
but no superior algorithm has been obtained yet.

6 Conclusions

Performing an evolutionary search for an algorithm
with some desired specifications may result in a so-
lution. Because of the nature of evolutionary search
methods, and the accumulated experience regarding
their actual application to various problems, we can
not expect an optimal solution in some formal sense.
However, we can expect a solution that satisfies the
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Table 1: GP tableau for FHT.

Objective Problem 3 with N = 4, A = 7, C = {±1,±2}.
Terminal set {X1, . . . ,XA}
Function set {Connect, + : (Xp +Xq), P2 : (Xp + 2Xq), − : (Xp − Xq), M2 : (Xp − 2Xq)}
Fitness Eqn. (8) with α1 = 0.8, β1 = 0.05, β2 = 0.5.
Parameters M = 3000 (Individuals/Generation)
Success predicate Fitness of a tree is unity.
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Figure 3: Best fitness versus generation in a successful
run of GP for FHT.
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Figure 4: The FHT discovered during the run of
Fig. 3.
specifications to a reasonable degree, a solution that
can actually perform the task. In many situations, the
form of optimal solution and its mathematical proper-
ties are not known. Even in such cases, an acceptable
conventional solution usually exists. Any automatic
solution that outperforms the conventional solution
is clearly advantageous. The success of GP in gen-
erating a non-standard algorithm for 4-point FHT is
encouraging and further research is required to clarify
its applicability to the more complex and demanding
tasks of generating fast algorithms for higher order
HTs.
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